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Abstract

Diffusion-weighted imaging (DWI) of the
human with 1.5T MRI gives the insight of
Prostate Cancer Tissue details. DWI is now used
also for other Liver, Kidney, and Heart Imaging
than the brain, and especially focused on
detection of Cancer Tissues in prostate.1H-MR
spectroscopy technique is used to detect and
localize prostate cancer. One difficult sight of
1.5T prostate spectroscopy is the use of a special,
endorectal coil, it is a thin wire covered with a
latex balloon and inserted inside the tail end of
the large bowel which is rectum. We detected and
identified the prostate cancer by DWI and 3D
1H-MRS with a external phase arrayed multi-
coils, this is optimal tumor invasion through
bowel wall and adjacent organs.
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I.  INTRODUCTION

The Magnetic resonance imaging (MRI) is
the most common in imaging the patient with
Prostate Cancer, Imaging provides the Localization
of Tumor, this used to be known as magnetic
resonance tomography (MRT) or, in chemistry
nuclear magnetic resonance (NMR), it is a non-
invasive method used to render images of the
Tissues. It is primarily used in medical imaging to
demonstrate Tissue function and anatomy details,
pathological or other physiological changes of living
tissues. MRI also has uses outside of the medical
field, such as detecting minute cracks in High
Energy Instruments and Industrial Engineering.
Medical MRI is based on the relaxation properties of
excited hydrogen nuclei in water and lipids. When
the patient to be imaged is exposed to highly
uniform magnetic field, the spins of atomic nuclei
with a resulting non-zero spin have to arrange in a
specific orientation with the applied magnetic field.
The Nuclei of hydrogen atoms (= protons) have a
simple spin 1/2 and therefore align either parallel or
anti-parallel to the applied magnetic field strength.
The most common magnetic field strengths range
from 0.3 to 3.5 T, although field strengths as high as
10 T/ 40 T are used for Ultra High Energy Systems
and Anti gravity projects. Commercial suppliers are
investing in 7 T platforms that can be used for
Human body scanning, some of the hospitals are
using for detection of Brain Cancer and guidance for
Surgery. We on earth experience magnetic field that
averages around 50 pT, that is less than 1/100,000
times the field strength of a typical MRI machines.

Nuclei Spin polarization determines the basic MRI
signal strength that is applied on the subject.
Specific to associated protons, it refers to the
population difference of the energy states that are
associated with the parallel and antiparallel
alignment of the proton spins in the magnetic field
and governed Boltzmann's statistics attributes
applied to generate the magnetic field. An applied
1.5 T magnetic field refers to only about one in a
million nuclei and the thermal energy far exceeds the
energy difference between the parallel and
antiparallel states of the particles. High number of
nuclei in a small volume sum to produce a detectable
change in magnetic field that is applied to generate
then image of an organ. The Most basic explanations
of MRI will say that the nuclei align parallel or anti-
parallel with the static magnetic field, because of
guantum mechanical reasons, the individual nuclei
are actually set off at an angle from the direction of
the static magnetic field produced by the phased
arrayed coils. Collection of nuclei can be partitioned
into a set whose sum spin are aligned parallel and a
set whose sum spin are anti-parallel, and could
create magnetic field that is safe. Magnetic dipole
moment of the nuclei then precesses around the axial
field of the grid coils. The proportion is nearly equal,
slightly more are oriented at the low energy angle
and the frequency with which the dipole moments
precess is called the Larmor frequency. Human
tissue is then exposed to pulses of electromagnetic
energy (RF pulses) in a plane perpendicular to the
magnetic field, causing some of the magnetically
aligned hydrogen nuclei to assume a temporary non-
aligned high-energy. The steady state equilibrium
established in the static magnetic field that becomes
perturbed and the population difference of the two
energy levels is changed. The frequency of the
pulses is governed by the Larmor equation to match
the required energy difference between the two spin
states. The hydrogen (1"H) atom inside body
possess “spin” in the absence of external magnetic
field, the spin directions of all atoms are random and
cancel each other. When placed in an external
magnetic field, the spins align with the external field
by applying an rotating magnetic field in the
direction orthogonal to the static field, the spins can
be pulled away from the z-axis with an angle \alpha,
the bulk magnetization vector rotates around z at the
Larmor frequency (precess). The precession relaxes
gradually, with the xy-component reduces in time, z-
component increases. The xy component of the
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magnetization vector produces a voltage signal,
which is the NMR signal.

The magnetic moment (u) and the spin angular
momentum vector (S)

p=vS 1)

where the gyromagnetic ratio y = 2.675*108 rad s-1
T-1

¥ = y/2n = 42.58 MHz T-1. T is the Tesla unit of
magnetic field.)

the net torque (N) on any current distribution is
N=puxB 2

The system's total angular momentum from spin
only must change according to

ds/dt=N ®)
Equations reduces to the general Bloch equation:
dp/dt=yux B 4

dp/dt is perpendicular to both p and B, then in the
event that p and B are not aligned (e.g. after energy
input into the system which drives the magnetised
spin system into a state of resonance), L must move
in a circular path. This is precession.

Fig 1.0 Magnetized Spin System

|du| = usindlde| ®)
duy| = y|p X B|dt = yuBsinddt (6)
yBdt = dgp with B = |B| )

Rate of change of ¢ is the angular precessional
frequency

®=-yB

@ = -oot + o, 8

where ¢y is the initial angle, and since

o = -dp/dt = -(-wo) 9)

Larmor equation

Wy = ’YBQ (10)
| (¢ =v2m): fo = ¥Bo (11)

In order to appropriately image different image
voxels of the subject, orthogonal magnetic gradients
are applied to the patient. It is relatively common to
apply gradients in the principal axes of a patient (so
that the patient is imaged in X, y, and z from head to
toe), MRI allows completely flexible orientations for
images that are captured serially. Spatial encoding is
obtained by applying magnetic field gradients which
encode position within the phase of the signal
distribution. With one dimension, a linear phase with
respect to position can be obtained by collecting data
in the presence of a magnetic field gradient produced
by phased array coils. With 3D Imaging, a plane is
defined by "slice selection”, in which an RF pulse of
defined bandwidth is applied in the presence of a
magnetic field gradient in order to reduce spatial
encoding to two dimensions (2D) Imaging. The
Spatial encoding can then be applied in 2D after
slice selection, or in 3D without slice selection that
is performed in the stack images of 2D /3D images
of the prostate cancer. The Spatially-encoded phases
are recorded in a 2D or 3D matrix or we can use
High Dimensional matrix with large set of data; this
data represents the spatial frequencies of the image
object that was imaged. The Images can be created
from the matrix using the discrete Fourier transform
(DFT) or other optimal Transform techniques. The
medical resolution is about 1 mm3, while research
models can exceed 0.0001 mm?3. The Whole body
MRI system is used for clinical imaging and
Surgical Navigation. The clinical site with the MRI
system uses 1.5T magnetic field, because it is safe
but still studies have been done that talks about
getting cancer from MRI Imaging 1 in 100,000
populations. Policies are developed by the IEC, FDA
to provide safety but there is no qualification listed
in Article for the people who operate the MRI
Machines, many patients got the higher dose of
radiation that is cause of their death. With the field
strength, up to 3T is allowed in the guideline and
most the clinics goes with low range MRI machines.
The high strength magnetic field gives MRI to high
Signal-Noise Ratio (SNR) which is good for Image
segmentation and Registration and helps he surgeon
to pin point the localization of Tumor. Chemical
shift is twice lager than 1.5T's shift. The effect is
good for MR spectroscopy (MRS) Imaging. 3T MRS
is a well established clinical technique. MR
Spectroscopy with brain region is established that
can provide chemical properties of Tissues. MRS
with body/abdomen/pelvis areas are not established,
especially 3T. 3T-MRS study establishing in
prostate region is mainly the theme of this work. On
the other hand, new MRI technique is spreading
widely and is useful in providing better images. MRI
is using gradient magnet for imaging and Fast
imaging, for example EPI, needs strong power
gradient magnet coil. With the use of high power
gradient coil the EPI imaging quality is better, the
Diffusion-weighted imaging (DWI) of the human
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brain is well established with 1.5T MRI and DWI is
now used also for other regions than the brain, and
especially focused on prostate cancer detection as a
promising tool. The 1H-MR spectroscopy of the
human prostate has been used also for detection and
localization of prostate cancer but one disadvantage
of 1.5T prostate spectroscopy is the use of a special,
endorectal coil and this research detected and
identified the prostate cancer by DWI and 3D IH-
MRS with a 3.0T MRI machine with a set of body
arrayed coils and without an endorectal coil grids.

Il. METHOD

Patients were examined prior to transrectal
ultrasonography (TRUS) biopsy or radical
prostatectomy. Patient went through DWI and 3D-
MRS or MRSI (chemical-shift imaging) with a 3T
MRI machine. The DWI was with a double
refocused diffusion sequence and the Diffusion
weighted image’s parameters as follows; FOV: 400
mm, slice thickness: 2 mm, b-value: 0, 100, 300,
500, and 1000 and after the measurement, the
apparent diffusion coefficient (ADC) was calculated.
Prostate spectroscopy sequence is CSI Spin-Echo (=
PRESS) sequence. CSI sequence was a 3D double
spin echo sequence with outer volume saturation
(OVS) for 5 portions in maximum. This is a hybrid
CSI sequence, and it allows 3D VOI selection with
phase encoding in three directions X, y and z axis.
Selected volume can be freely angulated exactly as
in the product CSI sequence. Slice selective 180- rf
pulses are optimized sine pulses [1]. With many
features of the sequence resemble a similar sequence
available on 1.5T systems [2]. Suppressing lipid
signals, the sequence offers outer volume
suppression (OVS) and lipid -water spectral
suppression pulses. OVS functionality was familiar
from the regional saturation pulses used in prostate
cancer imaging. The spectral saturation method,
transverse magnetization was selectively de-phased
before and after the second spin-echo pulse.
Defining de-phasing only affects the lipid signals
from approximately 0.5 to 1 mm?3., or also the water
resonance profile of our numerically optimized
pulses: The Magnetization components of m,, = -1
are de-phased, components of m,, = 1 are re-
phased. Method of spectral suppression has been
described. The double BASING pulses were used in
suppressing water and lipids. 3D MRSI parameters
were: TE: 90-145 ms; TR: 750-2000 ms. FOV,
matrix size and averages were those for the prostate
size. MRI uses coil systems that are a set of 12-
element body arrayed coils.

We consider the following anycast field
equations defined over an open bounded piece of

network and /or feature space QQcC R? . They
describe the dynamics of the mean anycast of each
of p node populations.

(%"‘Ii)vi (t: I’) = ij.ﬂ‘]ij (rlF)S[(Vj (t_Tij (I’,F),F) _h“‘)]dF

+17(r, 1),
Vi(t,r)=d¢(tr)

t>0,1<i<p,
te[-T,0]

We give an interpretation of the various
parameters and functions that appear in (1), Q is
finite piece of nodes and/or feature space and is

represented as an open bounded set of RY . The
vector I and I represent points in Q. The
function S: R — (0,1) is the normalized sigmoid
function:

1

S(z)=
(2) l+e™?

(2)

It describes the relation between the input
rate V, of population | as a function of the packets
potential, for example, V; =V, = S[o; (V. —h)].
We note V the p-— dimensional vector

(\/1,...,Vp). The ¢,1=1..0p,
represent the initial conditions, see below. We note

¢ the p— dimensional vector (4,,...,#,). The

p function

p function 1X,i=1..,p, represent external

factors from other network areas. We note 1% the
p — dimensional vector (1;,...,12%). The px p

matrix of functions J ={J;}; . , represents the

connectivity between populations i and J, see

below. The p real values h,i=1..,p,

determine the threshold of activity for each
population, that is, the value of the nodes potential
corresponding to 50% of the maximal activity. The

p real positive values o;,i=1..., p, determine
the slopes of the sigmoids at the origin. Finally the
p real positive values |,,i=1,..., p, determine the

speed at which each anycast node potential
decreases exponentially toward its real value. We

also introduce the function S : R? — RP, defined

by S(x) =[S(oy(x, =hy)),.... S(o, =h,))],

and the diagonal pxp matrix
L, =diag(l,,...,1,)- Is the intrinsic dynamics of
the population given by the linear response of data

d d
transfer. (— +1.) is replaced by (— +1.)? to use
(Olt 1) is rep y (dt )

d
the alpha function response. We use (EH‘) for
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simplicity although our analysis applies to more
general intrinsic dynamics. For the sake, of
generality, the propagation delays are not assumed to
be identical for all populations, hence they are

described by a matrix 7(r,r) whose element
Tij(r,F) is the propagation delay between

population j at F and population | at r. The

reason for this assumption is that it is still unclear
from anycast if propagation delays are independent
of the populations. We assume for technical reasons

—2
that 7 is continuous, that is 7€ C°(QQ",RP®).
Moreover packet data indicate that 7 is not a
symmetric function i.e., z; (r,r) =z (r,r), thus

no assumption is made about this symmetry unless
otherwise stated. In order to compute the righthand
side of (1), we need to know the node potential

factor V on interval [T ,0]. The value of T is
obtained by considering the maximal delay:

r = max_ 7 (rr 3
™ j(rreaxq) (1) &)

Hence we choose T =17,

A. Mathematical Framework
A convenient functional setting for the non-
delayed packet field equations is to use the space

F = L*(©,RP) which is a Hilbert space endowed
with the usual inner product:

(V,U)_ =Zp:j'gvi(r)ui(r)dr Q)

To give a meaning to (1), we defined the history
space C=C°([-r,,0],F) with
||¢|| =SUP,y , g ||¢(t)|| F, which is the Banach
phase space associated with equation (3). Using the
notation V,(6) =V (t+6),0 €[-.,,0], we write
(1) as

V(1) =—LV (t) + LS (V) +1°(®), @)
V,=¢€C,

Where
L:C—>F,
6> [ I(0)g(r,—(,)dr

Is the linear continuous operator satisfying
||L1||S||J 22 geey - Notice that most of the

papers on this subject assume ) infinite, hence
requiring 7, = oo.

Proposition 1.0 If the following assumptions are
satisfied.

1. J e *(Q% R”P),
2. The external current 1% € C°(R, F),
3. 7 e CY(Y, fo”),suparﬁrm.

Then for any ¢ € C, there exists a unique solution
V e C!([0,0), F) nC°([~7,,,, F) to (3)

Notice that this result gives existence on
R,, finite-time explosion is impossible for this

delayed differential equation. Nevertheless, a
particular solution could grow indefinitely, we now
prove that this cannot happen.

ml

B. Boundedness of Solutions
A valid model of neural networks should
only feature bounded packet node potentials.

Theorem 1.0 All the trajectories are ultimately
bounded by the same constant R if

I =max_ |I1™ (t)”F < o,
Proof :Let us defined f:RxC—>R" as

def 4 ]_d 2
f(EV,) = (~LV, (0 +LS(V) + t(t),V(t)>F=5 Z’tF

Wenote | =min,_, |,

fEV) <V O + (iR + DIV O,

Thus, if

SRl [a], +1 2
VO, zz%ﬁ R f(t,Vl)S—IF;dzf_(Ro

Let us show that the open route of F of
center 0 and radius R, Bg, is stable under the

dynamics of equation. We know that V(t) is
defined for all t >0s and that f <0 on 0By, the
boundary of B, . We consider three cases for the
initial  condition V. If ”\/0”C <R and set
T =sup{t| Vs €[0,t],V(s) € B_R}. Suppose
that T € R, then V(T) is defined and belongs to

BR, the closure of BR, because BR is closed, in
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effect to 0By, we also have
%”V ||2F hr=f(T,V;)<-6<0 because

V (T) € 0B;. Thus we deduce that for £ >0 and
small enough, V(T +e;“)eB_R which contradicts
the definition of T. Thus T ¢ R and B_R is stable.
Because f<0 on OB;,V (0) € 0B,
vt>0,V(t) e By
V(0) € CB, . Suppose that vt >0,V (t) By,

<-25, thus ”\/ (t)||F

monotonically decreasing and reaches the value of R
in finite time when V(t) reaches OBg. This
contradicts our assumption. Thus
aT >0|V(T) e Bs.

implies that

. Finally we consider the case

d 2
hen Vt>0,—
o 1508V

Proposition 1.1 : Let S and t be measured simple

functionson X for EcM, define

$E)=[sdu @
Then ¢ isa measureon M .
jx (S+t)dﬂ:IXde+IXtdy ()
If s and if E,E,,...

of M whose union is E, the countable additivity of
4 shows that

¢(E>=iaiu(AmE)=ia§MAmEr)
=33 aulA N E) =2 4(E)

r=1 i=1l

Proof : are disjoint members

Also, ?(#) =0, s that @ isnot identically oo .
Next, let S be as before, let f,..., B, be the

distinct values of tand let B; ={x:t(x) = B;} If
Eij = A M BJ’ the

IEij (s+t)du = (e, + B))u(Ey)
IEU Sdﬂ+~[Eij td 1 = o u(Eyy) + B u(E)

Thus (2) holds with E;

the disjoint union of the sets
E; A<i<nl<j<m), the first half of our
proposition implies that (2) holds.

in place of X . Since X is

Theorem 1.1: If K is a compact set in the plane
whose complement is connected, if f is a
continuous complex function on K which is
holomorphic in the interior of , and if & >0, then
there exists a polynomial P such that
|f(Z) = P(Z)| < ¢ forall zeK If the interior of

K is empty, then part of the hypothesis is vacuously
satisfied, and the conclusion holds for every

f €C(K) . Note that K need to be connected.

Proof: By Tietze’s theorem, f can be extended to a

continuous function in the plane, with compact
support. We fix one such extension and denote it

again by f . For any 6>0, let w(5) be the
supremum of the numbers |f(22)— f(Zl)| Where

Z, and Z, are subject to the condition

|Z2 —Zl| <. Since f is uniformly continous, we
have Isirr(} @(0)=0 (@) From now on,
—

O will be fixed. We shall prove that there is a
polynomial P such that

|f(2)—P(2)| <10,000 o(5) (z¢eK)  (2)
By (1), this proves the theorem. Our first objective
is the construction of a function ®@&C_(R?), such
that for all z

I (2)-®(2)] < (&), 3)
(o)) <222, (4)
And

@)= | (af)“)dqd (¢ =¢+in),

Where X is the set of all points in the support of
@ whose distance from the complement of K does
not & . (Thus X contains no point which is “far
within” K.) We construct @ as the convolution of
f with a smoothing function A. Put a(r) =0 if

r>o,put

2

a(r) = 62 2 (0<r<¢), (6)
And deflne
A(2) =a(|)) (7)

For all complex Z . It is clear that AsC_(R?). We
claim that
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j A=1, 8)
j oA =0, )
” oAl = 155 5’ 0

The constants are so adjusted in (6) that (8)
holds. (Compute the integral in polar coordinates),
(9) holds simply because A has compact support.
To compute (10), express OA in polar coordinates,

oA/ _
and note that ég =0,

a%r =-a,

Now define

o(2) = [[ f(z-¢)Adédn = [[ A=) (()dgdn @D

Since f and A have compact support, so does @ .
Since

o(2)- 1 (2)
= [[Tf z-0)- f @A) dedn @12)

And A($) =0 if |¢]>68, (3) follows from (8).

The difference quotients of A converge boundedly
to the corresponding partial derivatives, since

AsC_(R?) . Hence the last expression in (11) may

be differentiated under the integral sign, and we
obtain

) ()dédny
= [[ f(z-)@n) &) gdn

- [[[f @-0)= f@NeANS)dEdy  (3)

The last equality depends on (9). Now (10) and (13)
give (4). If we write (13) with @, and d)y in place
of 0D, we see that @ has continuous partial
derivatives, if we can show that 0 =0 in G,

where G is the set of all zeK whose distance from

the complement of K exceeds &. We shall do this
by showing that

d(z)=1(z) (z2&0); 14)
Note that of =0 in G, since f is holomorphic
there. Now if 2&G, then Z—{ isin the interior of

K for all { with |g"|<5. The mean value

property for harmonic functions therefore gives, by
the first equation in (11),

®(2)= [ a(nrdr[ " £ (z-re")do
_2ﬂf(z)j a(r)rdr_f(z)J'jA:f(z)

For all Z & G , we have now proved (3), (4), and

(5) The definition of X shows that X is compact
and that X can be covered by finitely many open

discs D,,...,D,, of radius 20, whose centers are

notin K. Since S? — K is connected, the center of
each Dj can be joined to oo by a polygonal path in

S?—K .
compact connected set EJ-, of diameter at least

25, so that S?—E.

j
KNE;=¢. with r=206. There are functions

9,6H(S* -
inequalities.

n?

It follows that each Dj contains a
is connected and so that

Ej) and constants bj so that the

Q1)< (16)

L |
2-¢|
Hold for z¢ E; and & € D, if
Q;(¢,2)=9;(2)+(¢—b)g;(2) (18)
Let Q be the complement of E; U....UE,. Then
Q is an open set which contains K. Put
X, =XnNnD and
X;=(XNnD;)-(X;u..uX,), for
2<j<n,

Define
R(¢,2)=Q;(£.7)
And

F2)=— fJ eo)ORE. Ddsdr

(z € Q)

4,00052
"=t

Qj(¢.2)- 7)

(¢eX;,2£Q) 29

Since,
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F(2)= Zi [[@@))Q,(¢ 2dedn, (21 (@F)&) = %e [—

(18) shows that F is a finite linear combination of
the functions g; and g . Hence FeH(Q). By
(20), (4), and (5) we have

|F(z)—®(z)|<2”—“‘)jj|R(§,z)
o

——§|d§d77 (e Q) (22)

Observe that the inequalities (16) and (17) are valid
with R in place of Q; if & ¢ X and z & Q.

Now fix Z & Q., put £ =2z + pe, and estimate
the integrand in (22) by (16) if p <40, by (17) if
46 < p. The integral in (22) is then seen to be less
than the sum of

21 4‘)(50 1jpdp 80875 (23)

And

2
an ﬂpd p =2,00075. (24)
Hence (22) yields
|F(z) —®(2)| < 6,0000(5) (z Q)
since FeH(Q),KcQ, and S*—K is

connected, Runge’s theorem shows that F can be
uniformly approximated on K by polynomials.
Hence (3) and (25) show that (2) can be satisfied.
This completes the proof.

Lemma 1.0 : Suppose f&C_(R?), the space of all

continuously differentiable functions in the plane,
with compact support. Put

a:l(ﬁnﬁJ @
2\ ox oy

Then the following “Cauchy formula” holds:
1 cp(of
F(2)= __” ( )(g)dgdn
T ¢-1

(& =¢+in) (2)

Proof: This may be deduced from Green’s theorem.
However, here is a simple direct proof:

Put o(r,0) = f(z+re'’), r>0, 6 real

If & =2z+re", the chain rule gives

o 10
or roé

The right side of (2) is therefore equal to the limit, as
&—0, of

1(=c2z(Op 1 0@
-= =+ —=L dodr 4
INRE— 0

For each r>0,¢ is periodic in @, with period
27 . The integral of 0@/ 06 is therefore 0, and (4)
becomes

_i i j“’a% ——ﬂj;ﬂgo(g,@)d@

As £—0, o(g,60) > f(z) uniformly.  This
gives (2)
If X“ea and Xﬁek[Xl,...X

XXP=X“%ca , and so A satisfies the
condition (*). Conversely,

Qe XD, d,x")= ch Sk

aeh Bel”

n] , then

and so if A satisfies (*) , then the subspace

generated by the monomials X“,@€a , is an
ideal. The proposition gives a classification of the
monomial ideals in k[X;,...X, ]: they are in one

to one correspondence with the subsets A of ] "
satisfying (*) . For example, the monomial ideals in
k[X] are exactly the ideals (X"), N>1, and the
zero ideal (corresponding to the empty set A). We
write <X“ |a e A> for the ideal corresponding to

A (subspace generated by the X “,a € Q).

LEMMA 1.1. Let S be a subset of [J". The the

ideal & generated by X, € S is the monomial

ideal corresponding to
df
A:{ﬂeD "|B—aell", some aeS}

Thus, a monomial is in a if and only if it is
divisible by one of the X “, & €| S
PROOF. Clearly A satisfies (*) ,

ac<Xﬂ|ﬂe A>. Conversely, if € A, then

378 |Page

——} o(r,0) )

©)

(finite sums),



Akash K Singh / International Journal of Engineering Research and Applications

(IJERA)

ISSN: 2248-9622

www.ijera.com

Vol. 2, Issue 6, November- December 2012, pp.372-399

f-aecl" for aeS , and
X? =X*X?" ca. The last statement follows
from the fact that X* | X” < f—a el ". Let

some

Acl]" satisfy (*). From the geometry of A, it
is clear that there is a finite set of elements
S= {al,...as} of A such that

A={ﬂeD "|B—a; €l ?, some ¢ ES}

(The «;'S are the corners of A ) Moreover,
df
a:<X“ |a e A> is generated by the monomials

X% a €S.

DEFINITION 1.0. For a nonzero ideal a in
K[X |, X, ], we let (LT(a)) be the ideal
generated by

{LT(f)| f ea}

n

LEMMA 1.2 Let & be a nonzero ideal in
k[Xl,...,Xn]; then (LT (a)) is a monomial
ideal, and it equals (LT(Q,),...,LT(g,)) for
some §;,...,J, €4.

PROOF. Since (LT (@)) can also be described as

the ideal generated by the leading monomials (rather
than the leading terms) of elements of a .

THEOREM 1.2
k[Xl,...,Xn] is finitely generated; more

Every ideal a in

precisely, & =(0,,...,d;) where J;,..., J are any
elements of a whose leading terms generate
LT(a)

PROOF. Let f €a. On applying the division
algorithm, we find
f=a0,+..+a,0,+r,
, where either r =0 or no monomial occurring in it
is divisible by any LT(g,) . But
r=f->agea , and
LT(r)eLT(a)=(LT(9,),....LT(q,)) ,

implies that every monomial occurring in I' is
divisible by one in LT(Q;). Thus r=0, and

g€y 9,).

therefore

DEFINITION 1.1 A finite  subset
S={gl,|...,gs} of an ideal @ is a standard (

a,rek[X,...X,]

(Gr 0 bner) bases for a if

(LT(g,),..,LT(g,))=LT(a). In other words,

S is a standard basis if the leading term of every
element of a is divisible by at least one of the

leading terms of the §;.

THEOREM 1.3  The ring K[X,,..,X,] is
Noetherian i.e., every ideal is finitely generated.

PROOF. For n=1, K[X] is a principal ideal
domain, which means that every ideal is generated
by single element. We shall prove the theorem by
induction on N . Note that the obvious map

KX, X, J[X, 1> K[X,,..X.] is an
isomorphism — this simply says that every
polynomial f in N variables X,,...X, can be
expressed uniquely as a polynomial in X with

coefficients in K[ X,,..., X, ]:

F(X,X,) =8y (X X, )X +ota (X,

Thus the next lemma will complete the proof

LEMMA 1.3. If A is Noetherian, then so also is

ALX]

PROOF. For a polynomial

f(X)=a,X"+a X" +..+a, a €A,

I is called the degree of f , and a, is its leading
coefficient. We call 0 the leading coefficient of the
polynomial 0.  Let @ be an ideal in A[X]. The
leading coefficients of the polynomials in @ form an
ideal @ in A, and since A is Noetherian, @ will

be finitely generated. Let J,,...,d,, be elements of
a whose leading coefficients generate a', and let
I be the maximum degree of g,. Now let f ea,

and suppose f has degree S>Tr | say,

f=aX°+.. Thenaca , and so we can write
a=) ba, b eA,

a, =leading coefficient of g,
Now

f _zb| giXS—ri’
< deg(f) . By continuing in this way, we find that
f=f mod(g,,...9,,) With f,a

r,=deg(g;), has

degree
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polynomial of degree t<r For each d <r, let

a, be the subset of A consisting of 0 and the
leading coefficients of all polynomials in a of
degree d; it is again an ideal in A . Let

941+ 9g,m, be polynomials of degree d whose

leading coefficients generate a, . Then the same

argument as above shows that any polynomial f; in
a of
fo="fos

of degree <d-1. On applying this remark
repeatedly we find that

fie (gr—l,l""g r-1m,, 1---90,1’---go,m0) Hence

degree d can  be  written
Mod(QGys--Gam,) With fyy

ft < (gl""gmg r—l,l""gr—l,mr,l"“’ Qo1 gO,mO)
and so the polynomials g, ..., g, generate a

One of the great successes of category theory in
computer science has been the development of a
“unified theory” of the constructions underlying
denotational semantics. In the untyped A -calculus,
any term may appear in the function position of an
application. This means that a model D of the A -
calculus must have the property that given a term t

whose interpretation is deD, Also, the

interpretation of a functional abstraction like AX . X
is most conveniently defined as a function from

DtoD , which must then be regarded as an
element of D. Let y:[D—>D]—>D be the
function that picks out elements of D to represent
elements of [D—)D] and ¢:D—>[D—>D]

be the function that maps elements of D to functions
of D. Since w(f) is intended to represent the

function f as an element of D, it makes sense to

o(w(f)) =1, that s

V/Oy/:id[D_)D] Furthermore, we often want to

require that

view every element of D as representing some
function from D to D and require that elements
representing the same function be equal —that is

w(p(d)) =d
or
wog¢=id,

The latter condition is called extensionality.
These conditions together imply that ¢and y are
inverses--- that is, D is isomorphic to the space of

functions from D to D that can be the interpretations
of functional abstractions: D = [D — D] Let us

suppose we are working with the untyped
A—calculus, we need a solution ot the equation

D;A+[D—>D], where A is  some

predetermined domain containing interpretations for
elements of C. Each element of D corresponds to

either an element of A or an element of [D - D],

with a tag. This equation can be solved by finding
least fixed points of the function

F(X)= A+[X - X] from domains to domains
--- that is, finding domains X such that
X = A+[X — X], and such that for any domain

Y also satisfying this equation, there is an embedding
of XtoY --- a pair of maps

f
BT | .
fR

Such that
fRof =id,
foffcid,

Where

f approximates g in some ordering representing

their information content. The key shift of
perspective from the domain-theoretic to the more
general  category-theoretic approach lies in
considering F not as a function on domains, but as a
functor on a category of domains. Instead of a least
fixed point of the function, F.

fcg means that

Definition 1.3: Let K be a category and
F:K — K as a functor. A fixed point of F is a
pair (A,a), where A is a K-object and
a:F(A)—> A is an isomorphism. A prefixed
point of F is a pair (A,a), where A is a K-object and
ais any arrow from F(A) to A

Definition 1.4 : An w—chain in a category K is a
diagram of the following form:

Recall that a cocone g of an @—chain A is a K-
object X and a collection of K -arrows

{#4:D, > X |i=0} such that = 44,,0 f,
for all i >0. We sometimes write z£: A — X asa
reminder of the arrangement of 'S components
Similarly, a colimit £:A — X is a cocone with

the property that if VIA — X' is also a cocone
then there exists a unique mediating arrow
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k:X — X such that for all i20,, v, =ko0 ;.
Colimits of @w—chains are sometimes referred to

as w—colimits. Dually, an @® —chain in K is

a diagram of the following form:
fo fl f2

A=D,¢D ¢ D, ... A cone
1 X — A ofan @™ —chain A isa K-object X
and a collection of K-arrows {4 : D, |i >0} such
that for all 120, g = f,0,,. An @™ -limit of
an @® —chain A is a cone z£: X —> A with

the property that if v . X > Aisalsoa cone, then
there exists a unique mediating arrow k : X — X
such that for all 120, 2 0k =v; . We write L,
(or just 1) for the distinguish initial object of K,

when it has one, and | —> A for the unique arrow

from L to each K-object A. It is also convenient to
f; f,

writt A" =D,—3D,_y..... to denote all of A

except D, and fy. By analogy, 4™ is {z |i>1}.
For the images of A and g under F we write
F(fo) F(f.) F(f2)

F(A) = F(D,)—yF (D,)—sF(D,)—s.....
and F () = {F(14)]i 20}

We write F' for the i-fold iterated composition of F
- that is,
Fo(f)=f,F(f)=F(f),F*(f)=F(F(f))
,etc. With these definitions we can state that every

monitonic function on a complete lattice has a least
fixed point:

Lemma 1.4. Let K be a category with initial object
L and let F:K — K be a functor. Define the
w—chainA by
1L>F (L) F(LL>F (1) F2(IL—>F (L))

A=l F(L) oy FZ(J_) .

If both z2:A— D and F(u):F(A)—> F(D)
are colimits, then (D,d) is an intial F-algebra, where
d:F(D) > D is the mediating arrow from

F(x) tothe cocone -

Theorem 1.4 Let a DAG G given in which
each node is a random variable, and let a discrete
conditional probability distribution of each node
given values of its parents in G be specified. Then
the product of these conditional distributions yields a
joint probability distribution P of the variables, and
(G,P) satisfies the Markov condition.

Proof. Order the nodes according to an ancestral
ordering. Let X, X,, .o X, be the resultant
ordering. Next define.

P(X11X21""Xn) = P(Xn | pan) P(Xn—l | Pan—l)
P | pa,)P(x, | pa,)
Where PAis the set of parents of X;of in G and

P(X | pa;) is the specified conditional probability

distribution. First we show this does indeed yield a
joint probability distribution. Clearly,

0<P(X,X,,..X,)<1 for all values of the

variables. Therefore, to show we have a joint
distribution, as the variables range through all their
possible values, is equal to one. To that end,
Specified  conditional  distributions are  the
conditional distributions they notationally represent
in the joint distribution. Finally, we show the
Markov condition is satisfied. To do this, we need

show for 1<Kk <n that
whenever

P(pa,)=0,if P(nd, | pa,) =0
and P(x |pa,)=0
then P(Xk |ndk’ pak) = P(Xk | pak),
Where ND, is the set of nondescendents of X, of
in G. Since PA < ND, , we need only show

P(x, |nd,) = P(x, | pa,) . First for a given k ,
order the nodes so that all and only nondescendents
of X, precede X, in the ordering. Note that this

ordering depends on K, whereas the ordering in the
first part of the proof does not. Clearly then

ND, = {Xl,Xz,....Xk_l}
Let
Dy, = {ka Xk+2""'xn}

follows Z
dk

We define the m™ cyclotomic field to be the field
Q[x]/ (®,(x)) Where @, (X) is the m™
cyclotomic polynomial. Q[x]/(®,,(x)) @, (X)
has degree ¢(m)over Q since @, (X) has degree
@(m). The roots of @ (X) are just the primitive

m™ roots of unity, so the complex embeddings of
Q[x]/ (®,,(x)) are simply the ¢(m) maps
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o :Q[x]/ (@, (x) - C,
1<k =<m,(k,m)=1 where
o, (X) =&,
&, being our fixed choice of primitive m™ root of

unity. Note that fnf € Q(<&,,) for every K; it follows
that Q(&,) = Q(£X) for all k relatively prime to

M. In particular, the images of the &, coincide, so
Q[x]/ (®,,(x)) is Galois over Q . This means that

we can write Q(&,) for Q[x]/(®,,(x)) without
much fear of ambiguity; we will do so from now on,
the identification being & > X.One advantage of

this is that one can easily talk about cyclotomic
fields being extensions of one another,or
intersections or compositums; all of these things

take place considering them as subfield of C. We
now investigate some basic properties of cyclotomic
fields. The first issue is whether or not they are all
distinct; to determine this, we need to know which

roots of unity lie in Q(&,) .Note, for example, that

if Mis odd, then —§m is a 2m™ root of unity. We
will show that this is the only way in which one can
obtain any non- m" roots of unity.

LEMMA 1.5 If m divides n, then Q(&) is
contained in Q(&,)

n
PROOF. Since f%” =& ,we have &, €Q(&,), so
the result is clear

LEMMA 1.6 If M and N are relatively prime, then

Q(Sm» 6n) =Q(Sm)
Q&) NQ(S)=Q

(Recall the Q(&,,&,) is the compositum of

Q(&,) and Q(&,) )

and

PROOF. One checks easily that & & is a primitive
mn" root of unity, so that

Q&) = Q. 6,)
[Q(&,. &) :Q]<[Q(&,):Q][Q, : Q]
= p(m)p(n) = p(mn);

since [Q(&,,) :Q]=¢(mn); this implies that
Q(Sn:&n)=Q(Sim) We know that Q(&,,&,)

has degree ¢(mn) over Q, so we must have

[Q(&: &) : Q&) = ()

and

[Q(&n: &) : Q&) ] = p(m)

[Q(&,):Q(&,) NQ(&)] = ¢(m)
And thus that Q(&,) N Q(&,) =Q

PROPOSITION 1.2 For any M and N

Q&0 £)=Q(&,,.)
And

Q(&n) NQ(&) =Q(Em.ny):

here [m,n] and (m,n) denote the least common

multiple and the greatest common divisor of M and
n, respectively.

PROOF. Write M= p.....p5 and p....p*
where the P, are distinct primes. (We allow

g or f,tobe zero)

Q(,)=Q(,.)Q(E,.)-QE )
and
Q(E)=Q( )QAE, .)-Q(E, .)
Thus

Q)= ) QUE L IR, )-QUE, )
=Q(€,.)Q(E, 1)-Q, IR, )
= QU ) QE mins)
Lol
=Q&, )

ot 1))
P k

An entirely similar computation shows that

Q&) NQ(S,) = Q&)

Mutual information measures the information
transferred when X; is sent and Y; is received, and
is defined as

PCYL)
1(x;, y;)=log, Px) bits @
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In a noise-free channel, each Y, is uniquely
connected to the corresponding X; , and so they

constitute an input —output pair (Xi, yi) for which

X 1 .
P(/):l and 1(x,y.)=log, ——— bits:
Yi n ’ P(x)
that is, the transferred information is equal to the
self-information that corresponds to the input X; In

a very noisy channel, the output Y;and input X;
would be completely uncorrelated, and so

P(%):P(xi) and also I(xi,y,—)=0; that is,
i

there is no transference of information. In general, a
given channel will operate between these two
extremes. The mutual information is defined
between the input and the output of a given channel.
An average of the calculation of the mutual
information for all input-output pairs of a given
channel is the average mutual information:
Xi
P( y,
P(x)

I(X:Y):ZP(Xivy]‘)l(Xivyj) :ZP(XU yj)|092

bits per symbol . This calculation is done over the
input and output alphabets. The average mutual
information. The following expressions are useful
for modifying the mutual information expression:

P(x13,)= PCY, P =PC% P(X)
P(y) = L PCYOPX)
P(x) =X PCY, P(Y,)

Then

106,Y) =Y P(x.y))

=3 P(x,y)log,
Z (x.Y,;)log {P( )}

PULRLES e
P(%, )

P(x,y,)log,
Z (X, y;)log [P( )}

:Z[P(%jw(yj)}mgzﬁ

1
ZP(XNOQZP—X): H(X)

1(X,Y) = H(X)-H(XA)

Where H(/) Z P(x,y;)log, ——— ( )

is usually called the equivocation. In a sense, the
equivocation can be seen as the information lost in
the noisy channel, and is a function of the backward
conditional probability. The observation of an output

symbol Y, provides H(X)—H()%) bits of

information. This difference is the mutual
information of the channel. Mutual Information:
Properties Since

X -
P4, P =PC FP(x)
The mutual information fits the condition

[(X,Y)=I(Y,X)

And by interchanging input and output it is also true
that

1(X,Y)=H¥)=H{A)

Where
H(Y) = ZP(y)IogzP( )

This last entropy is usually called the noise entropy.
Thus, the information transferred through the
channel is the difference between the output entropy
and the noise entropy. Alternatively, it can be said
that the channel mutual information is the difference
between the number of bits needed for determining a
given input symbol before knowing the
corresponding output symbol, and the number of bits
needed for determining a given input symbol after
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knowing the corresponding

1(X,Y) = H(X)-H(X()

As the channel mutual information expression is a
difference between two quantities, it seems that this
parameter can adopt negative values. However, and

is spite of the fact that for some Y;,H(X /y;)

output  symbol

can be larger than H (X)), this is not possible for
the average value calculated over all the outputs:
X
P("
Cy)
P(x)

P(x,Y;)

ZP(X.:yJ)IOQZ P(X.:yJ)Ing
ij ij

Then
AN =T PGy ) o <0

Because this expression is of the form
M Q

> Rlog, (=) <0

= R

The above expression can be applied due to the
factor P(X)P(Y;), which is the product of two

probabilities, so that it behaves as the quantity Qi ,
which in this expression is a dummy variable that
fits the condition Zi Q <1. It can be concluded
that the average mutual information is a non-
negative number. It can also be equal to zero, when
the input and the output are independent of each

other. A related entropy called the joint entropy is
defined as

HOXY) = 3P ¥, 108, 5
i irYj

P(x)P(y;)

=3"P(x,y,)log,
Zj (X, y;)log PXY)

+> P(Xi7yj)|092m

Theorem 1.5: Entropies of the binary erasure
channel (BEC) The BEC is defined with an alphabet
of two inputs and three outputs, with symbol
probabilities.

P(x,)=a and P(X,)=1-«, and transition
probabilities
P(*; ) =1-p and P(%)=0,
2
and P(y3xl):0
i/ y_
and P( lxz)_ p

and P(y3 L )=1-p
2

P()P(y;)

Lemma 1.7. Given an arbitrary restricted time-
discrete, amplitude-continuous channel whose

restrictions are determined by sets F, and whose
density functions exhibit no dependence on the state
S, let Nbe a fixed positive integer, and P(X) an
arbitrary probability density function on Euclidean
n-space. p(y|x)  for the density

P, (Ypseeer Yy | Xp5o-X,) and Ffor Fn_

real number a, let

A:{(x, y): IogM > a} @
p(y)

Then for each positive integer U , there is a code
(u,n, A) such that

A<ue?®+P{(X,Y)e Aj+P{X ¢F}

For any

Where
P{(X,Y)e A}:jA...j p(x, y)dxdy,
and

P{Xe F}:L...j p(x)dx

Proof: A sequence x® e F such that
—y®

P{YeA, [X=x"}>1-¢

where A ={y:(x,y)eA};

Choose the decoding set B, to be Ax(l)

chosen X, ........ X% and B,,....B, . select

. Having

x* e F such that
k-1

P{Y eAw-JBIX = x(k)}a—g;
i=1

k-1
Set B, = A —Ui:1 B, ., If the process does not
terminate in a finite number of steps, then the
sequences X and decoding sets B;, 1=1,2,...,u,
form the desired code. Thus assume that the process

terminates after t steps. (Conceivably t=0). We
will show t>u by showing that

e<te+P{(X,Y)2 Al+P{X gF} . Wwe
proceed as follows.
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Let
B= tj:lBj. (If t=0, take B=4¢). Then

P{(X,Y)eA}= [ p(xy)dxdy

(x,y)eA

=[p0) [ p(y]x)dydx
X yeA,
=[p0) [ plylx)dydx+] p(x)

yeBnA, X

C. Algorithms

Ideals. Let A be aring. Recall that an ideal a in A
is a subset such that a is subgroup of A regarded as a
group under addition;

aca,reA=rachA

The ideal generated by a subset S of A is the
intersection of all ideals A containing a ----- it is
easy to verify that this is in fact an ideal, and that it

consist of all finite sums of the form Zrisi with

LeAs €S. When S={s,....,s,}, we shall

' ¥m
write (S, .....,S,,) for the ideal it generates.
Let a and b be ideals in A. The set
{a+b|aea,beb} is an ideal, denoted by

a-+b . The ideal generated by {ab laca,be b}
is denoted by ab. Note that ab =amb. Clearly
ab consists of all finite sums Zaibi with @, € a

and beb , and if a=(a,..a,) and

b=(b,..,Db,) : then
ab=(ab,..,ab;,..,a,b,) .Let @ be an ideal
of A. The set of cosets of ain A formsaring A/ a
, and ar>a+a is a homomorphism
¢: Ar> Ala. The map b+ ¢~ (b) is a one to
one correspondence between the ideals of A/a and
the ideals of A containinga An ideal p if prime if
p=Aandabep=aepobep. Thus p
is prime if and only if A/ p is nonzero and has the
property that ab =0, bx0=a=0, ie,
A/ pis an integral domain. An ideal M is maximal
if M= A and there does not exist an ideal N

contained strictly between M and A. Thus M is
maximal if and only if A/ m has no proper nonzero
ideals, and so is a field. Note that M maximal =
M prime. The ideals of AxB are all of the form
axb, with @ and b ideals in A and B. To see
this, note that if C is an ideal in AxB and

(a,b)ec , then (a,0)=(a,b)(1,0)ec and
(0,b)=(a,b)(0,))ec . This shows that
c=axb with

a={a|(a,b)ec some beb}
and

b={b|(a,b)ec some aca}

Let A be a ring. An A -algebra is a ring
B together with a homomorphism iz : A— B. A
homomorphism of A -alggpra B—>C is a
homomorphism of rings @:B —C such that
p(ig(a))=i.(a) for all ac A. An A -algebra
B is said to be finitely generated ( or of finite-type
over A) if there exist elements X,..., X, € B such
that every element of B can be expressed as a
polynomial in the X, with coefficients in i(A) , i.e.,

such that the homomorphism A[Xl,..., Xn] —>B

sending X, to X, is surjective. A ring
homomorphism A —> B is finite, and B is finitely
generated as an A-module. Let K be a field, and let
Abe a K -algebra. If 120 in A, then the map
k — A is injective, we can identify K with its
image, i.e., we can regard K as a subring of A . If
1=0inaring R, the R is the zeroring, i.e., R={0}.

Polynomial rings. Let K be a field. A monomial
in X, X

X2 X,

monomial is Zaﬁ . We sometimes abbreviate it by

, s an expression of the form

a € N . The total degree of the

X* a=(a,...,a,) €l " The elements of the

polynomial ring K[X,..., X, ] are finite sums

& 3,
ani....an Xl Xn y Ca1----an Ek, a’j el

With the obvious notions of equality, addition and
multiplication. Thus the monomials from basis for

k[Xl,...,Xn] as a K -vector space. The ring

k[Xl,..., Xn] is an integral domain, and the only
units in it are the nonzero constant polynomials. A
polynomial f(X,,..., X,,) is irreducible if it is
nonconstant and has only the obvious factorizations,
ie, T=gh=g or h is constant. Division in

k[X]. The division algorithm allows us to divide a
nonzero polynomial into another: let f and g be
polynomials in k[ X Jwith g # 0; then there exist
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unique polynomials @,r ek[X] such that
f =qg+r with either r=0 or degr < degg.
Moreover, there is an algorithm for deciding whether
f €(g), namely, find r and check whether it is

zero. Moreover, the Euclidean algorithm allows to
pass from finite set of generators for an ideal in

k[X] to a single generator by successively

replacing each pair of generators with their greatest
common divisor.

(Pure) lexicographic ordering (lex). Here
monomials are ordered by lexicographic(dictionary)

order. More precisely, let o =(a,..a,) and
p=(,..b) be two elements of " ; then
a> B and X* > X’ (lexicographic ordering) if,
in the vector difference @ —f €l , the left most
nonzero entry is positive. For example,
XY?>Y3Z% X3?Z*>X3Y*Z . Note that
this isn’t quite how the dictionary would order them:
it would put XXXYYZZZZ after XXXYYZ .
Graded reverse lexicographic order (grevlex). Here
monomials are ordered by total degree, with ties
broken by reverse lexicographic ordering. Thus,

a>pif Zai >Zb| , or Zai =Z:bI and in
a — B the right most nonzero entry is negative. For
example:

XY1Z" > X (total degree greater)
XY°Z% > X*YZ3, X°YZ > X*YZ?
Orderings on k[ X,,...X,] . Fix an ordering on
the monomials in k[ X,...X, ]. Then we can write

an element f of k[Xl,...Xn] in a canonical

fashion, by re-ordering its elements in decreasing
order. For example, we would write

f =4XY?Z +4Z7 -5X°+7X?2°?

as

f = BX34+7X2Z2+4XY2Z +4Z% (lex)
or

f =4XY?Z +7X?Z? -5X°+4Z° (grevlex)

Let ZaaX“ek[Xl,...,Xn] , in decreasing
order:

— & 1
f=a, X+, X%+.., oy >0 >,

Then we define.

e The multidegree of f to be multdeg( f )= a,;

f

o The leading coefficient of ~ to be LC( f )= a,

e The leading monomial of f f ) =
X%

e The leading term of

to be LM(

ftobeLT( f )= a%X“O

For the polynomial f =4XY?Z +..., the
multidegree is (1,2,1), the leading coefficient is 4,
the leading monomial is XY ®Z , and the leading
term is 4XY?Z . The division algorithm in
k[Xl,...Xn]. Fix a monomial ordering in [] 2
Suppose given a polynomial f and an ordered set
(9,,...9,) of polynomials; the division algorithm
then constructs polynomials &;,...8, and I' such
Where either

r =0 or no monomial in I is divisible by any of
LT(9,),--,LT(g,) Step 1: If

LT(g,)|LT(f) , divide g, into f to get
LT(f)
LT(g,)
If LT(g,)|LT(h) , repeat the process until
f=a0,+f (different @, ) with LT (f,) not
divisible by LT (g,). Now divide g, into f,, and
so on, until f=ag0,+..+a,0,+L  With
LT(r;) not divisible by any LT(g,),...LT(g,)
Step 2: Rewrite I, = LT (1) + T, , and repeat Step 1

that f=a0,+.+a,0,+r

f=ag,+h a-= ek[ Xy X, ]

with I for f
f=ag,+..+a,0,+LT(r)+r,  (different

a,'S ) Monomial ideals. In general, an ideal a

will contain a polynomial without containing the
individual terms of the polynomial; for example, the

ideal a=(Y®—X?) contains Y?—X?* but not
YZor X3,

DEFINITION 1.5. An ideal a is monomial if
Y X“ea=X"ea

all « withc, #0.

a # ODROPOSITION 1.3. Let a be a monomial ideal, and

let A={a|X“ea} :
condition e A, Bel"=a+fe (*)
And a is the K -subspace of k[Xl,...,Xn]

Then A satisfies the
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generated by the X, € A. Conversely, of A is
a subset of [] " satisfying (*), then the k-subspace

a of k[X,,..., X, ] generated by {X“ la e A} is
a monomial ideal.

PROOF. It is clear from its definition that a
monomial ideal a is the K -subspace of
K[ X0 X,

generated by the set of monomials it contains. If
a B
X Eaandx ek[Xl,...,Xn].

If a permutation is chosen uniformly and at random
from the n! possible permutations in S, then the

counts C}”) of cycles of length | are dependent
random variables. The
( ) — ( ) ( ) >
"V =(C",..,C.") follows from Cauchy’s
formula, and is glven by

P[C(”):c]— N(n c) = I{ZJC _n}H( =

= J CJ'

joint distribution  of

n
for cell] .

Lemmal.7 For
m, _m,,

E[ﬁ(cj{n))[m,ljz[ﬁ[ﬂ ’}1{2”: jm, < n} 1.4)

Proof. This can be established directly by
exploiting cancellation of the form

[ml 0 :
¢c; " /c;=1/(c; —m;)! when c; =m,, which

occurs between the ingredients in Cauchy’s formula
and the falling factorials in the moments. Write

m =ijj . Then, with the first sum indexed by
c=(c,..
d=(d,,..,
d; =c

nonnegative integers

.C,) €0 and the last sum indexed by
d,)el" via the

—m;, we have

E[ﬁ(CW’]] =Y PIe” =al ()"
n n [m;]
=y 1{21'01:”}1—[(?21)

ce;2m; for all j JE c.!

n 1 n A
=H.m.Zl{Zde=n— }H .
N R =t i

correspondence

H(d))!

This last sum simplifies to the indicator
1(m<n), corresponding to the fact that if

N—m=0, then dj=O for j>n—m, and a

random permutation in S must have some cycle

) . The moments of C}”)
follow immediately as
E(C") =j"1{jr<n} (L.2)

We note for future reference that (1.4) can also be
written in the form

E[ﬁ(C}n))[mjlj: E{]l[zgm.l}{zn“jmj sn}, (1.3)

j=1

structure (d,,...,d

Where the Z j are independent Poisson-distribution

random variables that satisfy E(Z;) =1/ j

The marginal distribution of cycle counts
provides a formula for the joint distribution of the

cycle counts Cj”, we find the distribution of CF

uging a combinatorial approach combined with the
inclusion-exclusion formula.

Lemma 1.8. For 1< j<n,

anJk

n i
PGP = k]_ Z -1 == T @y
Proof.  Consider thesetl of all possible cycles of
length j, formed with elements chosen from

{12,..n}, so that || =n") | For each e €1,

consider the “property” G, of having «; that is,

G, is the set of permutations 77 € S, such that
is one of the cycles of 7. We then have
|Ga| = (n— j)!, since the elements of {1,2,...,n}
not in & must be permuted among themselves. To
use the inclusion-exclusion formula we need to
calculate the term S,, which is the sum of the

probabilities of the r -fold intersection of properties,
summing over all sets of I distinct properties. There
are two cases to consider. If the r properties are
indexed by r cycles having no elements in common,
then the intersection specifies how rj elements are
moved by the permutation, and there are

(n—rj)!(rj <n) permutations in the intersection.

There are N1/ (j"r1) such intersections. For the

other case, some two distinct properties name some
element in common, so no permutation can have
both these properties, and the r -fold intersection is
empty. Thus
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S, =(n—rP!(rj <n)
nlril

o |=1(rj£n) _rll
jrin! j'r

Finally, the inclusion-exclusion series for the
number of permutations having exactly k properties

T () (k+IJ N

1>0
Which simplifies to (1.1) Returning to the original
hat-check problem, we substitute j=1 in (1.1) to
obtain the distribution of the number of fixed points

of a random permutation. For k =0,1,...,n
1 n—-k | 1
_Z(_l) i
kli= I
and the moments of C" follow from (1.2) with
j=1 n>2, the mean and

variance of Cl(”) are both equal to 1. The joint

distribution of (C™,...,C{) for any 1<b<n

has an expression similar to (1.7); this too can be
derived by inclusion-exclusion.  For  any

c=(C,,..C,) €05 with m=>ic,,
PIC",...C{") =c]

&L 2 e

> ili<n-m
The joint moments of the first b counts
Cé“) can be obtained directly from (1.2)
I 0

P[C” =k] = (1.2)

. In particular, for

co,..
and (1.3) by setting m,,, =
The limit distribution of cycle counts

It follows immediately from Lemma 1.2 that for
each fixed J, as n — oo,

ik
,l/]

P[C™ =k]>Jd—e¥i, k=012,
j k!

So that C}”) converges in distribution to a random
variable ZJ- having a Poisson distribution with
mean 1/ j; we use the notation CJ(”) —4 Z;

where Z; [ P,(1/ j) to describe this. Infact, the
limit random variables are independent.

Theorem 1.6 The process of cycle counts
converges in distribution to a Poisson process of [

with intensity j . That is, as N —> oo,

C",C,..) >4 (2,,2,,..) 1.2)
Where the Zj,j=1,2,..., are independent
Poisson-distributed random variables  with

1
E(ZJ):T

Proof. To establish the converges in distribution one
shows that for each fixed b>1 as N— oo,

PI(C",...C;") =c]—> PU(Z,,.... Z,) =]

Error rates
The proof of Theorem says nothing about the rate of
convergence. Elementary analysis can be used to

estimate this rate when b=1. Using properties of

alternating series with decreasing terms, for
k=0,1,...,n,
1 1 1
K R <|P[C{" =k]-P[Z, =k
I<!((n—k+1)! (n—k+2)!) Hl 1-PlZ, ]\
1
- &
ki(n—k+1)!
It follows that
2n+1 n 1 2n+1 1
(n+1)!n+2SkZ:;‘P[C =k PLZ: _k]‘ )] .11
(1:3)nce
P[Z,>n]=———(1+ 1 L ol
(n+1)! n+2 (n+2)(n+3) (n+D)!

We see from (1.11) that the total variation distance
between the distribution L(C{™) of C{" and the

distribution L(Z,) of Z,

Establish the asymptotics of P[Ah(C(”))] under
conditions (A,) and (B,,), where

A}(c(n))_ ﬂ ﬂ {C(n) - }

I<i<n r+]_j<r
and & =(5/1,)~1=0("°) as i, for

some g' > 0. We start with the expression

oy Pl (Z) =1
P[A (C™M)] = —=_m
A ) P[Ton(2) =n]
I {1—%(1+Ei0)} (L)
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P[T,,(Z) =] d., (L(C[Lb]), L(Z[LbI)
- @exp {Z[Iog(1+ iod) —i l@d]} =S P[T,, =1] {1_ P[T,, =n- r]}
=1 r>0 ° P[TOn = n]
1+0(n™* n 1.2 [n/2] _
{Lrotie,,, M)} (@2 <Y PT, =r]+ S o =]
and ' r>ni2 = P[Ty, =n]
P[Te,(Z)=n] n
od x ZP[TOb :S](P[Tbn :n_s]_P[Tbn :n_r]
= -exp {Z[Iog(1+ i'od) —i lHd]} s=0 ¥
i>1
[n/2]
1+o(g,,, ()] @I <2 Pl =11+ 3 PTo, =]
r>n/2
Where (012 2 (n) refers to the quant%%zz] P[T,, = ]{Prrb” =n—5]-P[T, =n—r]}
P =
derived from Z . It thus follows that[ 2 [Tor =n]
P[A (C™)]0 KN for a constant K4, Z P[T,, =] Z P[T =s]P[T,, =n—s]/P[T,, =n]

depending on Z and the r and computable® s={nizl

: The first sum is at most 2n'ET,,; the third is bound by
explicitly from (1.1) — (1.3), if Conditions (A,) and
(max P[Ty, =s])/ P[T,, =n]

(Byy) are satisfied and if £ = O(i™9) from some g —><n
€05 (n/2,b) 3n
n OP,[0,1]°
3 [n/2] [n/2]
N — oo. In particular, for polynomials and square—4n’2¢108 (n )Z P[T,, = r]z P[T,, —s]f}r s\
free polynomials, the relatlve error |n this asymptotﬁ?e

g'>0, since, under these circumstances, both

ﬂfl(p'127 (n) and n’l(p127 (n) tend to zero as

approximation is of order n”' if g >1. <12¢m‘8 (M ET,,
For 0<b<n/8 and n>n,, with N, ~ OR[01 n
dry (L(C[L b]), L(Z[1,b])) piShae may take 66 (1)
n
0 0 . {10.8}
<d, (L(C[Lb]), L(Z[1,b])) &7 (n,b) =2n"ET, (Z){1+ m} P
<£,,(nb), .
Where &, (n,b) =O(b/n) under Condltloﬁ”sepg[o’l] €05y (N12,0) 1.5)

(A)),(Dl) and (B,,) Since, by the Conditioning
Relation, Required order under Conditions (A,),(D,) and

LCILI Ty (C) =1) = LZILb) Toy(Z) =1), (B, if S(e0) <o If not, gy (n) can be

It follows by direct calculation that Er'aced’y ¢10 11 ( )m the above, which has the

d,, (L(CILb]), L(Z[L b]))
= dTV (L(TOb (C)) L(I-Ob (Z )))
= maxz P[TOb (2)=r]

reA

P[T. (Z)=n-r] that is, that we should need Z|> le, =0(™) to
1———bn (1.4) =

P[T,,(Z)=n] hold for some & >1. A first observation is that a

Suppressing the argument Z from now on, we thus similar problem arises with the rate of decay of &;;
obtain

required order, without the restriction on the I
implied by S(o0) <o . Examining the Conditions
(A).(D,) and (By,), it is perhaps surprising to
find that (B,,) is required instead of just (By,);
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0
as well. For this reason, N, is replaced by Nni. This

makes it possible to replace condition (A ) by the

weaker pair of conditions (A;) and (D,) in the

eventual assumptions needed for 8{7’7} (n,b) to b
of order O(b/n);

—1-y

the decay rate requirement of

order i is shifted from &, itself to its first

difference. This is needed to obtain the right
approximation error for the random mappings
example. However, since all the classical
applications make far more stringent assumptions

about the &,,1 > 2, than are made in (B;;). The

critical point of the proof is seen where the initial
estimate of the difference

PTM™ =s]-P[T\™ =s+1] . The factor

> (n/2] _
€1010) (n), which should be small, contains a farz‘|:>[-|-0b = r]{l—M} = ZM

0
tail element from n; of the form @’ (n)+u; (n),

which is only small if & >1, being otherwise of*

Z P[TOb = S](P[Tbn =n-s]- P[Tbn =n-r])

s=[n/2]+1

With b and n as in the previous section,
we wish to show that

dy (L(C[L, b]), L(Z[1,b]) —%(n +1) M 1-6|E [Ty, — ETy|

7 (N,b),
Where &, (n b) =0O(n'b[nb+n"*]) for
any 5>O under Conditions (A,),(D,) and

(By,), with £, . The proof uses sharper estimates.
As before, we begin with the formula

d,, (L(C[L b]), L(Z[Lb]))
- g -nft- e =)

r>0

Now we observe that

I:)[TOn ~ n] r=0 P[TOn 5 n]

1-a+o0 . P
order O(N™*"°) for any & >0, since a, >1 isin_ 4nET? +(max PIT,, =s])/ P[T,, =]

any case assumed. For S >N/ 2, this gives rise to a

“49) in the estimate

contribution of order O(n

of the difference P[T,, =s]—P[T,, =s+1], SSn‘ZETO"f]

which, in the remainder of the proof, is translated
into a contribution of order O(tn™"**) for
differences of the form
P[T,, =s]—P[T,, =s+1], finally leading to a

contribution of order bn " for any 6>0 in

5{7.7}(n,b). Some improvement would seem to be
possible,
gW) =1, Lo
the form P[T,, =S]-P[T,, =s+t] can be
directly estimated, at a cost of only a single

contribution of the form @’ (n)-+u;(n). Then,

iterating the cycle, in which one estimate of a
difference in point probabilities is improved to an
estimate of smaller order, a bound of the form

|P[T,, =s]—P[T,, =s+t] =O(n*t+n""**’)
for any & >0 could perhaps be attained, leading to
a final error estimate in order O(bn™ +n"%"%) for
any 6 >0, to replace &, (n b). This would be

of the ideal order O(b/n) for large enough b, but
would still be coarser for small b.

defining the function O by

differences that are of

+P[T,, >n/2]

€052 (n/2 b) , @)

6P,[0,1]
We have
[nr2]__Lob =71 [I' =]
| Z I:)I.—I-On - n]
r=0

[n/2]
2 ({Z P[Tob = S](P[Tbn =N _S]_ P[Tbn =n- r]}

+

{ > PIT,, ===, —n]} ) |
—n P[T,. ; P[To, = r]g P[Te, = S]|S_ r|
% {1020 (D) +2(r v $) 1607 (Ko + 4 ()]}
6
<0nP—[01] Ton€ 1014 (N, D)
+AlL- 0|0 ET {[Ko0+ 4 ()]
(2 12)

HnPg[O,l]) J
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The approximation in (1.2) is further simplified by

noting that
{[nf S G r)(l—&)}

[n/2]
n+1

Z I:)I.Tob =]

_{g P[T,, =] (s— r)(1—¢9)} |

n+1

< [ﬁl P[Ty, =] Z P[Te, = S]w

s>[n/2]

<[1-6In"E(T,1{Ty, > n/2}) <2[1-6n?ET3,

n+1

and then by observing that
Y P, - r]{z PIT,y = S]V(S_;)S_g)}

r>[n/2] s>0 1
<n? ‘1—0\ (ET,,P[Ty, >n/ 2]+ E(I'Obl{TOb >n/ 2}))
<4[1-6|n~ET;

Combining the contributions of (1.2) —(1.3), we thus find tha
0 0
| dy (L(CILb]), L(Z[L b]))

—(n +1)712 PI.Tob =] {Z PI.Tob =s](s—-r)@- 0)} ‘

r>0 20

<&, (0.)
—L{g (n/2,b)+2nET, &, .. (n b)}
_HPQ[O,].] {10.5(2)} J 0bC{10.14} \' 1
24[1- 6] (n
+2n2ET 4+3\1—9\+M (1.5)
0P,[0,1]

The quantity & (n,b) is seen to be of the order

claimed under Conditions (A,),(D,) and (B,,) ,
provided that S(o0) <oo; this supplementary

*

condition can be removed if ¢, (n) is replaced
by ¢{*10_11} (n) in the definition of Erg) (n,b) , has

the required order without the restriction on the I;

implied by assuming that S(o0) <oco. Finally, a
direct calculation now shows that

Z P[Ty, = r]{z P[To, =sI(s—r)d— 9)}

r>0 $20

1
:E|1—¢9|E|T0b —ETy|

Example 1.0. Consider  the  point
0 =(0,...,0)el1". For an arbitrary vector I, the

(@.3) {points},

coordinates of the point Xx=0+r are equal to the
respective coordinates of the vector
r:x=(x4,..x") and r = (x',...,x") . The vector
r such as in the example is called the position vector
or the radius vector of the point X . (Or, in greater
detail: r is the radius-vector of X w.r.t an origin
0). Points are frequently specified by their radius-
vectors. This presupposes the choice of O as the
“standard origin”.  Let us summarize. We have

considered [ " and interpreted its elements in two
ways: as points and as vectors. Hence we may say

that we leading with the two copies of [1": [ "=

[] " = {vectors}

Operations with vectors: multiplication by a number,
addition. Operations with points and vectors: adding
a vector to a point (giving a point), subtracting two

points (giving a vector). [] " treated in this way is
called an n-dimensional affine space. (An “abstract”
affine space is a pair of sets , the set of points and

(1.4fhe set of vectors so that the operations as above are

defined axiomatically). Notice that vectors in an
affine space are also known as “free vectors”.
Intuitively, they are not fixed at points and “float

freely” in space. From [] " considered as an affine
space we can precede in two opposite directions:

(1" as an Euclidean space <= []" as an affine

space = [1 " as a manifold.Going to the left means
introducing some extra structure which will make
the geometry richer. Going to the right means
forgetting about part of the affine structure; going
further in this direction will lead us to the so-called
“smooth (or differentiable) manifolds”. The theory
of differential forms does not require any extra
geometry. So our natural direction is to the right.
The Euclidean structure, however, is useful for
examples and applications. So let us say a few words
about it:

Remark 1.0. Euclidean geometry. In 0"
considered as an affine space we can already do a
good deal of geometry. For example, we can
consider lines and planes, and quadric surfaces like
an ellipsoid. However, we cannot discuss such
things as “lengths”, “angles” or ‘“areas” and
“volumes”. To be able to do so, we have to introduce

some more definitions, making [J " a Euclidean
space. Namely, we define the length of a vector

a=(a',...,a") tobe
la]:=/()% +...+(a")? )

After that we can also define distances between
points as follows:

d(A B) :z\ﬁ\ (2)
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One can check that the distance so defined
possesses natural properties that we expect: is it
always non-negative and equals zero only for
coinciding points; the distance from A to B is the
same as that from B to A (symmetry); also, for three
points, A B and C, we have

d(AB)<d(AC)+d(C,B) (the
inequality”). To define angles, we first introduce the
scalar product of two vectors

(a,b):=a'v" +...+a"b" (3)
Thus |a| =,/(a,a) . The scalar product is

also denote by dot: a.b =(a,b), and hence is often

referred to as the “dot product” . Now, for nonzero
vectors, we define the angle between them by the

equality
(a,b)
[a]lb]

“triangle

CoSo =

(4)

The angle itself is defined up to an integral
multiple of 27z . For this definition to be consistent
we have to ensure that the r.h.s. of (4) does not
exceed 1 by the absolute value. This follows from
the inequality

(a,b)> <|a* | )

known as the Cauchy-Bunyakovsky—
Schwarz inequality (various combinations of these
three names are applied in different books). One of
the ways of proving (5) is to consider the scalar

square of the linear combination a-+th, where
teR. As (a+th,a+th)>0 is a quadratic

polynomial in t which is never negative, its
discriminant must be less or equal zero. Writing this
explicitly yields (5). The triangle inequality for
distances also follows from the inequality (5).

Example 1.1.  Consider the function f(X) = X'

(the i-th coordinate). The linear function dx’ (the
differential of X' ) applied to an arbitrary vector h

is simply h'.From these examples follows that we
can rewrite df as

of of
df = —dx* +...+—dx", 1

oxt ox" g

which is the standard form. Once again: the
partial derivatives in (1) are just the coefficients

(depending on X); dx*,dx?,... are linear functions
giving on an arbitrary vector h its coordinates
h*,h?,..., respectively. Hence

of

1
df (X)(h) = Oy = %h +
of
+ h", 2
v, (2)
Theorem 1.7.  Suppose we have a parametrized

curve tr> X(t) passing through x,€0" at
t =t, and with the velocity vector X(t,) =0 Then

wao):auf(x@:dfm)(u)

Proof. Indeed, consider a small increment of the
parameter t:t; >t +At, Where At+—>0. On
the other hand, we have
f (%, +h)— f(X,)=df (x,)(h) +ﬂ(h)|h| for
an arbitrary vector h , where S(h) —0 when

h — 0 . Combining it together, for the increment
of f(X(t)) we obtain

f (x(t, +At) - (x,)

= df (x,)(v.At + (At)AL)

+B(0.At + a(At)At).[AL + ar(At) At
= df (x,)(v).At + y(At)At

For a certain y(At) such that y(At) — 0

when At — 0 (we used the linearity of df (X,) ).
By the definition, this means that the derivative of
f(x(t)) at t=t, is exactly df (x,)(v) . The

statement of the theorem can be expressed by a
simple formula:

df (x(t of of
dt OX OX
To calculate the value Of df at a point X,
on a given vector U one can take an arbitrary curve
passing Through X, at {; with v as the velocity

vector at t, and calculate the usual derivative of

f(x(t)) att=t,.

Theorem 1.8. For functions f,g:U —[ ,
Uci",
d(f+g)=df +dg @
d(fg)=df.g+ f.dg (2)
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Proof. Consider an arbitrary point X, and
an arbitrary vector v stretching from it. Let a curve
X(t) be such that X(t,) =X, and X(t,) =v.
Hence

d(f +9)(%)() =%(f (x(®)+g(x(1))

att=t, and

d(fg)(%)(v) =%(f (x®)g(x(1)))

at t =1, Formulae (1) and (2) then immediately

follow from the corresponding formulae for the
usual derivative Now, almost without change the

theory generalizes to functions taking values in [J ™
instead of [ . The only difference is that now the

differential of a map F:U — ™ at a point X
will be a linear function taking vectors in [ " to
vectors in [] ™ (instead of [J ) . For an arbitrary
vector he|[] ",

F(x+h)=F(x)+dF(x)(h)
+p()|h ©)
Where f(h) >0 when
dF = (dF',...,dF™) and

h—0. We have

dF :a—Fldx1+...+ aFn dx"
OX OX
oF"  oF!
ot oxt | dx
=| . .. (4)
oF™ oF™ |( dx"
oxt T ox"

In this matrix notation we have to write vectors as
vector-columns.

Theorem 1.9. For an arbitrary parametrized curve
X(t) in 0", the differential of a map
F:U—>0™ (where U =[0") maps the velocity
vector X(t) to the velocity vector of the curve
F(x®) inO™:

dF(x

% = dF (x(t))(x(t)) @

Proof. By the definition of the velocity vector,

X(t + At) = X(t) + X(t).At + a(At) At (2)

Where «(At) >0 when At—>0 . By the
definition of the differential,

F(x+h)=F(x)+dF(x)(h)+ B(h)|h 3)

Where S(h) — 0 when h — 0. we obtain

F(X(t+At)) = F(x+ X(t).At + o (At)At)

h

= F(x) +dF (X)(X(t)At + a (At)At) +

B(X(H)At +a(At)AL).

X(t)At +'a(At)At‘

= F(x) +dF (X)(x(t) At + y (At)At

For some y(At) >0 when At —0 .

This precisely means that dF (X) X(t) is the

velocity vector of F(X). As every vector attached

to a point can be viewed as the velocity vector of
some curve passing through this point, this theorem

gives a clear geometric picture of dF as a linear
map on vectors.

Theorem 1.10 Suppose we have two maps
F:U->V and G:V-oWw, where
UcO"VclO™WcOP (open domains). Let
F:X+ y=F(X). Then the differential of the

composite map GoF :U —W is the composition
of the differentials of F and G :
d(GoF)(x) =dG(y)odF (x) 4

Proof. We can use the description of the
differential .Consider a curve X(t) in 0" with the

velocity vector X Basically, we need to know to
which vector in [1 " it is taken by d(GOF). the
curve (GoF)(x(t) =G(F(x(t)) . By the same
theorem, it equals the image under dG of the

Anycast Flow vector to the curve F(X(t)) in [0 ™.
Applying the theorem once again, we see that the
velocity vector to the curve F(X(t))is the image

under dF of the vector X(t) . Hence
d(GoF)(x) =dG(dF (x))  for an arbitrary
vector X .

Corollary 1.0.  If we denote coordinates in [] " by
(x',....,x") andin 0 ™by (y',...,y™), and write
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dF :a—Fldx1+...+a—Fndxn @
OX OX
dG =a—Gldyl+ + B gy (2)
ayn

Then the chain rule can be expressed as follows:

d(GoF) = Cart 4.+ L gFm, 3)

oy oy
Where dF' are taken from (1). In other words, to
get d(GOF) we have to substitute into (2) the

expression for dy' =dF' from (3). This can also
be expressed by the following matrix formula:

oG oG ) oFr oF!

ayl aym ﬁ....axn dxl

. . . 4
aGP oGP || oF™ oF™ |( dx"

oyt Toy" Lot T ox"

d(GoF) =

i.e., if dG and dF are expressed by matrices of
partial derivatives, then d(GOF) is expressed by
the product of these matrices. This is often written as

ot ot (92 o7
ol x| | oyt oy"
oz .éoz° Py e A
ox'ox") eyt Teoy"

' oy
e
...... , (5)

" "

oxt ox"
Or
07" & oz4 oy

a = i ya ! (6)
OX i 0y OX

Where it is assumed that the dependence of
yell ™ on xell" is given by the map F , the
dependence of Ze[J P on y €™ is given by the
map G, and the dependence of ze<l[l” on

x €[] "is given by the composition GOF .

Definition 1.6. Consider an open domain U < [1".
Consider also another copy of [1", denoted for

distinction D’; , Wwith the standard coordinates
(y*...y") . A system of coordinates in the open
domain U is given by a map F :V —U, where

V <l '; is an open domain of [] ", such that the
following three conditions are satisfied :

(1) F is smooth;
) F isinvertible;
©)) F?:U >V isalso smooth

The coordinates of a point X €U in this system are
the standard coordinates of F*(x) e[J v
In other words,

Fi(y'...y") P x=x(y"...y") @

Here the variables (Y'...,y") are the “new”
coordinates of the point X

Example 1.2.  Consider a curve in [J £ specified
in polar coordinates as
X :r=r(t),p=0(t) @

We can simply use the chain rule. The map
t > X(t) can be considered as the composition of

the maps t(r(t), (1)), (r,9) = x(r,9) .
Then, by the chain rule, we have

-_dx_gnggd_go_&x- OX -

X=—= — 2
dt or dt )

+t—o
op dt or Ogp
Here r and go are scalar coefficients depending on

t, whence the partial derivatives a%r , ox o0 are

vectors depending on point in [] 2 We can compare
this with the formula in the “standard” coordinates:

X = ) X+ e, y Consider ~ the  vectors
a%r g 8%40' Explicitly we have

X~ (cosg,sing) @

or

. (=rsing,rcos ) (4)

0p

From where it follows that these vectors
make a basis at all points except for the origin

(where r=0). It is instructive to sketch a picture,
drawing vectors corresponding to a point as starting

: : 6y OX
from that point. Notice that o /op are,
respectively, the velocity vectors for the curves
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r— x(r,p) (¢ =@, fixed) and

@ X(r,p) (r=r, fixed) . We can conclude
that for an arbitrary curve given in polar coordinates

the velocity vector will have components (r,go) if

as a basis we take €, := OX or & = 5%(0 :

X=¢ r+e, ¢ (5)

A characteristic feature of the basis €,,€,

is that it is not “constant” but depends on point.
Vectors “stuck to points” when we consider
curvilinear coordinates.

Proposition 1.3. The velocity vector has the same
appearance in all coordinate systems.
Proof. Follows directly from the chain rule and

the transformation law for the basis €; .In particular,

the elements of the basis €, = a%xi (originally, a

formal notation) can be understood directly as the
velocity  vectors of the coordinate lines

X' X(x',..,X") @l coordinates but X' are

fixed). Since we now know how to handle velocities
in arbitrary coordinates, the best way to treat the

differential of amap F:[0" =™ is by its action
on the velocity vectors. By definition, we set

ar () E2 s T2y @

Now dF(X,) is a linear map that takes vectors
attached to a point X, €[] " to vectors attached to

the point F(X) e "

dF:%dx1+...+a—':ndx“
OF'  OF!
ot Tax | dx
(TN | T e (2)
OF™ oF™ || dx"
ot ox"

In particular, for the differential of a function we
always have

of of
df =—dx" +..+
OX OX
Where X' are arbitrary coordinates. The form of the
differential does not change when we perform a
change of coordinates.

dx", 3)

n

Example 1.3 Consider a 1-form in [] 2 given in
the standard coordinates:

A=—ydx+xdy In the polar coordinates we will
have X =rCOS@, Y =rSsin g, hence

dx = cosgdr —rsin pde

dy =sin @dr +r cos pd ¢

Substituting into A, we get

A =—rsin @(cosdr —rsinpde)

+1 oS @(Sin dr + r cos pd @)

=r*(sin® p+cos’ p)do =r’de

Hence A= I’ngo is the formula for A in the

polar coordinates. In particular, we see that this is
again a 1-form, a linear combination of the
differentials of coordinates with functions as
coefficients. Secondly, in a more conceptual way,

we can define a 1-form in a domain U as a linear
function on vectors at every point of U

o) =op' +..+o,0", @

i
If U=Zeil) , Where €, = a%xi . Recall that the
differentials of functions were defined as linear
functions on vectors (at every point), and

i i[ OX i
dx'(e;) = dx (@j =5 2) at
every point X.

Theorem 1.9. For arbitrary 1-form @ and path ¥

, the integral Iw does not change if we change

4
parametrization of » provide the orientation

remains the same.

Proof:  Consider <w(x(t)),j—:> and

<a)(x(t(t'))),%> As
dt

<w(x(t(t‘»),%>:Kw(x(t(t'»),%ﬁ,

Let p be arational prime and let K =[] (g“p). We
write £ for ¢, or this section. Recall that K has
degree @(p)=p—1 over [. We wish to show
that O, =[] [£']. Note that ¢ is aroot of X” —1,
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and thus is an algebraic integer; since O is a ring

we have that [1[{]<=Og. We give a proof

without assuming unique factorization of ideals. We
begin with some norm and trace computations. Let
J be an integer. If jis not divisible by p, then

¢ is a primitive p™ root of unity, and thus its

conjugates are £, 7,...,& P, Therefore
Tre, (gj) =§+§2+...+§p‘1 =<Dp(§)—1=—1

If p does divide j, then ¢ =1, so it has only the

T, (¢')=p-1 By
linearity of the trace, we find that

TrK/L (1_4,) :TrK/L (1—4,2) =...
=Tr,. 1-¢"H)=p

We also need to compute the norm of 1-¢ . For
this, we use the factorization

XPL4xP2 4 4+1=0 (X)

=(x=O)(x=¢*)-.(x=¢"7);
Plugging in X =1 shows that
p=01--¢%)..q-¢")
Since the (1—¢ ') are the conjugates of (1—¢),
this shows that Ny, (1—¢) = p The key result

one conjugate 1, and

for determining the ring of integers O, is the
following.

LEMMA 1.9

(1-£)O, Al = pl
Proof. We saw above that p is a multiple of
@-<) in Oy, so the
(1-24)O, N o pl is immediate.  Suppose
now that the inclusion is strict. Since
(1-<4)O, N is an ideal of [1 containing pUJ

and Pl is a maximal ideal of [J , we must have

inclusion

1-4)Oy N =0 Thus we can write
1=0(1-7)

For some o € O, . Thatis, 1-¢ isaunitin Oy.

COROLLARY 1.1 For any aeO,,

T (A=¢)a) e pll

PROOF.  We have

T (A=8)a) =a(Q-S)a) +...+0,,(1-S)a)
=0,(1=8)o(a) +..+ 0, ,(1=C)oy ()

=(1-Qo(@)+..+(1-¢" oy, (@)

Where the o, are the complex embeddings of K
(which we are really viewing as automorphisms of
K ) with the usual ordering. Furthermore, 1—¢! is

amultiple of 1—¢ in O, for every j # 0. Thus

Tr . (@(1-<)) e 1-4)O, Since the trace is
also a rational integer.

PROPOSITION 1.4 Let p be a prime number and
let K =[0 () bethe p™ cyclotomic field. Then

Oy =0[¢, 1=0[x]/ (@, (x)); Thus
lé’p,...,é”f—z is an integral basis for O, .
PROOF. Let a €O, andwrite
a=a,+ad+..+a, "7  Wwith aell.

Then

all-¢) =21~ )+ (¢ =€) +..
+3,,(C72 ="

By the linearity of the trace and our above
calculations we find that Tr, . (¢(1-¢)) = pa,
We also have

Tre,, (@(1-4)) e pll,so @, €] Next consider
the algebraic integer

(@—ay)¢ " =a +a, +...+a, ,¢ P This is
an algebraic integer since ¢ " = ¢ is. The same
argument as above shows that a, €lJ, and
continuing in this way we find that all of the &, are
in [J . This completes the proof.

Example 1.4 Let K =[] , then the local ring [J )

is simply the subring of [ of rational numbers with
denominator relatively prime to p . Note that this

ring [,y isnotthering [l of p -adic integers; to
get [, one must complete LI ). The usefulness of

OK,p comes from the fact that it has a particularly
simple ideal structure. Let a be any proper ideal of
Oy , and consider the ideal @ MO, of Oy. We

claim that 2 = (@M O, )O, ,; That is, that a is
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generated by the elements of @ in aNO,. It is
clear from the definition of an ideal that
a>(@an0y )OK'p. To prove the other inclusion,

let @ be any element of @ . Then we can write
a=pLly where €O, and ygp. In
particular, fea (since f/yea and a is an
ideal), so SO, and y&p. so feanOy.
Since 1l/ye OKyp, this implies  that
a=plye(@n0O)0, ,, as claimedWe can
use this fact to determine all of the ideals of O .
Let @ be any ideal of OK’pand consider the ideal
factorization of amO, in O,. write it as

anO, =p"b For some n and some ideal b,
relatively prime to p. we claim first that

bO, , =0y ,. We now find that

a=(@n0,)0 , =p"O, ,=p"O,
Since bOy ,. Thus every ideal of Oy , has the
form p"Oy , for some n; it follows immediately
that OK’p is noetherian. It is also now clear that
p“OKYp is the unique non-zero prime ideal in OK'p
. Furthermore, the inclusion O, = Oy , / pOy ,
Since. pO, , MOy =p, this map is also
surjection, since the residue class of '/ f € OK'p
(with @ € O, and B & p) is the image of af
in Oy, ,, which makes sense since /3 is invertible

in OK/p. Thus the map is an isomorphism. In
particular, it is now abundantly clear that every non-
zero prime ideal of OK’p is maximal. To

show that OK’p is a Dedekind domain, it remains to

show that it is integrally closed in K. So let ¥ € K
be a root of a polynomial with coefficients in OKyp;
write this polynomial as
a _ a .
X"+ oL yx™ 4+ 22 with «, €O, and
m-1 0

B €Oy_,. Set B =Py p,...0,, Multiplying by
B" we find that By is the root of a monic
polynomial ~with coefficients in O,. Thus

PreOy; since  Lep, we  have

Br1B=yeO,. Thus O is integrally close
in K.

COROLLARY 1.2. Let K be a number field of
degree N and let a be in O then

N (@Ox) =‘NK/[ (05)‘
PROOF. We assume a bit more Galois theory than
usual for this proof. Assume first that K /[ is

Galois. Let o be an element of Gal(K /[ ). Itis
c(Oy)/o(a)=0,,,; since
c(0)=0,, this shows that
N, (6(2)O)=N,, (aO,) . Taking the
product over all oeGal(K/[l), we have
NI‘</D (Ni/ (@)O) = N|I</[ (2O,)" Since

N, () isarational integer and O, is a free[] -

clear that

module of rank n,

Oy / Ny, (@)O,  Will have order N, ()";
therefore

Ny, (N (@)O,) =Ny, (¢O,)"

This completes the proof. In the general case, let L
be the Galois closure of K and set [L: K]=m.

I11. RESULTS

Patients with different prostate tissue types
got prostate-specific antigen (PSA) test, before MRI
examinations. Prostate-specific antigen (PSA) is a
protein produced by the cells of the prostate gland.
PSA test measures the level of PSA in the blood and
PSA is produced by the body and can be used to
detect disease and tumor location, it is sometimes
called a biological marker or tumor marker. Testing
results are usually reported as nanograms of PSA per
milliliter (ng/ml) of blood. Most doctors considered
PSA values that are below 4.0 ng/ml as a normal.
Current Research found that prostate cancer in men
with PSA levels below 3.5 ng/ml. Doctors are now
using the following ranges, with some variation: 0 to
3.0 ng/ml is low, 2.0 to 8 ng/ml is slightly to
moderately elevated 12 to 18.1 ng/ml is moderately
elevated 10 ng/ml or more is significantly elevated
DWI and ADC detected prostate cancer clearly at
3.0T, and especially factor of 10000 was the best
cancer localizer in low PSA value patient. 1H-MRS
yielded qualified signals at 3 T without an endorectal
coil. The prostate cancer tissue is found to be high in
a chemical called choline, while low in another,
citrate. Normal prostate is remains low in choline
(Cho) and high in citrate (Cit). Choline and citrate
are critical to the body in opposing amounts, both
amino acids are essential components in proper
organ functioning. High PSA value patients, Cho/Ci
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ratio of the prostate tissue at 3T without an
endorectal coil distinguished between malignant and
benign tissues more distinctly than that of 1.5T with
an endorectal coil. Attributes to the high SNR
available at 3T and elimination of the balloon
inflation of the endorectal coil which could cause
magnetic field inhomogeneity distribution.

A. Authors and Affiliations

Dr Akash Singh is working with I1BM
Corporation as an IT Architect and has been
designing Mission Critical System and Service
Solutions; He has published papers in IEEE and other
International Conferences and Journals.
He joined IBM in Jul 2003 as a IT Architect which
conducts research and design of High Performance
Smart Grid Services and Systems and design mission
critical architecture for High Performance Computing
Platform and Computational Intelligence and High
Speed Communication systems. He is a member of
IEEE (Institute for Electrical and Electronics
Engineers), the AAAIl (Association for the
Advancement of Artificial Intelligence) and the
AACR (American Association for Cancer Research).
He is the recipient of numerous awards from World
Congress in  Computer  Science, Computer
Engineering and Applied Computing 2010, 2011, and
IP Multimedia System 2008 and Billing and
Roaming 2008. He is active research in the field of
Artificial Intelligence and advancement in Medical
Systems. He is in Industry for 18 Years where he
performed various role to provide the Leadership in
Information  Technology and Cutting edge
Technology.

REFERENCES

[1] Dynamics and Control of Large Electric
Power Systems. llic, M. and Zaborszky, J.
John Wiley & Sons, Inc. © 2000, p. 756.

[2] Modeling and Evaluation of Intrusion
Tolerant Systems Based on Dynamic
Diversity Backups. Meng, K. et al
Proceedings of the 2009 International
Symposium on Information Processing
(ISIP’09). Huangshan, P. R. China, August
21-23, 2009, pp. 101-104

[3] Characterizing Intrusion Tolerant Systems
Using A State Transition Model. Gong, F.
et al., April 24, 2010.

[4] Energy Assurance Daily, September 27,
2007. U.S. Department of Energy, Office of
Electricity Delivery and Energy Reliability,
Infrastructure ~ Security and  Energy
Restoration Division. April 25, 2010.

[5] CENTIBOTS Large Scale Robot Teams.
Konoledge, Kurt et al. Artificial
Intelligence Center, SRI International,
Menlo Park, CA 2003.

[6] Handling Communication Restrictions and
Team Formation in Congestion Games,

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Agogino, A. and Tumer, K. Journal of
Autonomous Agents and Multi Agent
Systems, 13(1):97-115, 2006.

Robotics and  Autonomous  Systems
Research, School of Mechanical, Industrial
and Manufacturing Engineering, College of
Engineering, Oregon State University

D. Dietrich, D. Bruckner, G. Zucker, and P.
Palensky, “Communication and
computation in  buildings: A  short
introduction and overview,” |IEEE Trans.
Ind. Electron., vol. 57, no. 11, pp. 3577—-
3584, Nov. 2010.

V. C. Gungor and F. C. Lambert, “A survey
on communication networks for electric
system automation,” Comput. Networks,
vol. 50, pp. 877-897, May 2006.

S. Paudyal, C. Canizares, and K.
Bhattacharya, “Optimal operation of
distribution feeders in smart grids,” IEEE
Trans. Ind. Electron., vol. 58, no. 10, pp.
4495-4503, Oct. 2011.

D. M. Laverty, D. J. Morrow, R. Best, and
P. A. Crossley, “Telecommunications for
smart grid: Backhaul solutions for the
distribution network,” in Proc. |IEEE Power
and Energy Society General Meeting, Jul.
25-29, 2010, pp. 1-6.

L. Wenpeng, D. Sharp, and S. Lancashire,
“Smart grid communication network
capacity planning for power utilities,” in
Proc. IEEE PES, Transmission Distrib.
Conf. Expo., Apr. 19-22, 2010, pp. 1-4.

Y. Peizhong, A. lwayemi, and C. Zhou,
“Developing ZigBee deployment guideline
under WiFi interference for smart grid
applications,” IEEE Trans. Smart Grid, vol.
2,no. 1, pp. 110-120, Mar. 2011.

C. Gezer and C. Buratti, “A ZigBee smart
energy implementation for energy efficient
buildings,” in Proc. IEEE 73rd Veh.
Technol. Conf. (VTC Spring), May 15-18,
2011, pp. 1-5.

R. P. Lewis, P. Igic, and Z. Zhongfu,
“Assessment of communication methods
for smart electricity metering in the U.K.,”
in Proc. IEEE PES/IAS Conf. Sustainable
Alternative Energy (SAE), Sep. 2009, pp.
1-4.

A. Yarali, “Wireless mesh networking
technology for commercial and industrial
customers,” in Proc. Elect. Comput. Eng.,
CCECE,May 1-4, 2008, pp. 000047—
000052.

M. Y. Zhai, “Transmission characteristics
of low-voltage distribution networks in
China under the smart grids environment,”
IEEE Trans. Power Delivery, vol. 26, no. 1,
pp. 173-180, Jan. 2011.

398 |Page



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[31]

Akash K Singh / International Journal of Engineering Research and Applications

(IJERA)

ISSN: 2248-9622

www.ijera.com

Vol. 2, Issue 6, November- December 2012, pp.372-399

V. Paruchuri, A. Durresi, and M. Ramesh,
“Securing powerline communications,” in

Proc. IEEE Int. Symp. Power Line
Commun. Appl., (ISPLC), Apr. 24, 2008,
pp. 64-69.

Q.Yang, J. A. Barria, and T. C. Green,
“Communication infrastructures for
distributed control of power distribution
networks,” IEEE Trans. Ind. Inform., vol. 7,
no. 2, pp. 316-327, May 2011.

T. Sauter and M. Lobashov, “End-to-end
communication architecture for smart
grids,” IEEE Trans. Ind. Electron., vol. 58,
no. 4, pp. 1218-1228, Apr. 2011.

K. Moslehi and R. Kumar, “Smart grid—A
reliability perspective,” Innovative Smart
Grid Technologies (ISGT), pp. 1-8, Jan.
19-21, 2010.

Southern ~ Company  Services, Inc.,
“Comments request for information on
smart grid communications requirements,”
Jul. 2010

R. Bo and F. Li, “Probabilistic LMP
forecasting considering load uncertainty,”
IEEE Trans. Power Syst., vol. 24, pp.
1279-1289, Aug. 20009.

Power Line Communications, H. Ferreira,
L. Lampe, J. Newbury, and T. Swart
(Editors), Eds. New York: Wiley, 2010.

G. Bumiller, “Single frequency network
technology for fast ad hoc communication
networks over power lines,” WiKu-
Wissenschaftsverlag Dr. Stein 2010.

G. Bumiller, L. Lampe, and H. Hrasnica,
“Power line communications for large-scale

[32]

[33]

[34]

[35]

[36]

[37]

control and automation systems,” IEEE
Commun. Mag., vol. 48, no. 4, pp. 106—
113, Apr. 2010.

M. Biagi and L. Lampe, “Location assisted
routing techniques for power line
communication in smart grids,” in Proc.
IEEE Int. Conf. Smart Grid Commun.,
2010, pp. 274-278.

J. Sanchez, P. Ruiz, and R. Marin-Perez,
“Beacon-less geographic routing made
partical: Challenges, design guidelines and
protocols,” IEEE Commun. Mag., vol. 47,
no. 8, pp. 85-91, Aug. 2009.

N. Bressan, L. Bazzaco, N. Bui, P. Casari,
L. Vangelista, and M. Zorzi, “The
deployment of a smart monitoring system
using wireless sensors and actuators
networks,” in Proc. IEEE Int. Conf. Smart
Grid Commun. (SmartGridComm), 2010,
pp. 49-54.

S. Dawson-Haggerty, A. Tavakoli, and D.
Culler, “Hydro: A hybrid routing protocol
for low-power and lossy networks,” in
Proc. IEEE Int. Conf. Smart Grid Commun.
(SmartGridComm), 2010, pp. 268-273.

S. Goldfisher and S. J. Tanabe, “IEEE 1901
access system: An overview of its
uniqueness and  motivation,” IEEE
Commun. Mag., vol. 48, no. 10, pp. 150-
157, Oct. 2010.

V. C. Gungor, D. Sahin, T. Kocak, and S.
Ergiit, “Smart grid communications and
networking,” Tiirk Telekom, Tech. Rep.
11316-01, Apr 2011.

399 |Page



